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Abstract. In this paper, we present the first result concerning the orbital stabil-
ity of periodic traveling waves for the modified Kawahara equation. Our method is
based on the Fourier expansion of the periodic wave in order to know the behaviour
of the nonpositive spectrum of the associated linearized operator around the pe-
riodic wave combined with a recent development which significantly simplifies the
obtaining of orbital stability results.
1. Introduction
The orbital stability of periodic traveling-wave solutions associated to the modified
Kawahara equation
ut + u
2ux + γuxxx − uxxxxx = 0, (1.1)
will be shown in this paper. Here, γ ≥ 0, u : R×R→ R is a real spatially L-periodic
function. Equation (1.1) models wave propagation on a nonlinear transmission line
(see [9]).
Formally, equation (1.1) admits the conserved quantities
P (u) =
1
2
∫ L
0
(
u2xx + γu
2
x −
1
6
u4
)
dx, (1.2)
F (u) =
1
2
∫ L
0
u2dx and M(u) =
∫ L
0
u dx. (1.3)
A traveling wave solution for (1.1) is a solution of the form u(x, t) = φ(x − ωt),
where ω is a real constant representing the wave speed and φ : R→ R is a periodic
function. Substituting this form into (1.1), we obtain
φ′′′′ − γφ′′ + ωφ− 1
3
φ3 + A = 0, (1.4)
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2 PERIODIC WAVES FOR THE MODIFIED KAWAHARA EQUATION
where A is a constant of integration.
In view of the conserved quantities (1.2)-(1.3), we may define the augmented
Lyapunov functional,
G(u) = P (u) + ωF (u) + AM(u), (1.5)
and the linearized operator around the wave φ,
L := G′′(φ) = ∂4x − γ∂2x + ω − φ2. (1.6)
In particular, we see that φ is a critical point of G.
Now, we present some contributors concerning the orbital stability of explicit
periodic/solitary waves related to the generalized Kawahara equation
ut + u
pux + γuxxx − uxxxxx = 0, (1.7)
where p ≥ 1 is an integer. In fact, for the case p = 1, the authors in [3] established
the orbital stability of explicit periodic traveling waves solution of the form
φ(x) = a + b
(
dn2
(
2K
L
x, k
)
− E
K
)
+ d
(
dn4
(
2K
L
x, k
)
− (2− k2) 2E
3K
+
1− k2
3
)
, (1.8)
where a, b and d are real parameters. Here dn represents the Jacobi elliptic function
of dnoidal type, K = K(k) is the complete elliptic integral of the first kind, E = E(k)
is the complete elliptic integral of the second kind and both of them depend on the
elliptic modulus k ∈ (0, 1) (see [6] for additional details). The method used in [3] to
obtain the stability was an adaptation of the method in [4].
Regarding the orbital stability of solitary waves, Albert [1] determined that the
solitary wave φ(x) = sech4(bx), where b is uniquely determined by a single wave-
speed ω = ω0 (there is no smooth curve of explicit solitary waves), is a stable solution
for the equation (1.7) with p = 1. To do so, the author used the orthogonality of
Gegenbauer polynomials to prove that the quantity I = 〈LΦ,Φ〉 is strictly negative
(see Lemma 2.3).
The explicit periodic solution for the equation (1.4) is given by
φ(x) = a+ b
[
dn2
(
2K(k)
L
x, k
)
− E(k)
K(k)
]
, (1.9)
where a and b depends smoothly on the wave speed ω.
Since the explicit solution in (1.9) is determined, it is possible to use the approach
in [5] in order to determine the behaviour of the nonpositive spectrum of L in (1.6).
With the previous knowledge of the nonpositive spectrum of L, we are able to use
the recent developments in [2] and [14] to establish a result of orbital stability for
positive and periodic solutions associated to the equation (1.1).
Next section is devoted to present the basic framework of stability. In Section 3,
we present the existence of a positive solution for the equation (1.4) and our result
of orbital stability in the energy space H2per([0, L]).
PERIODIC WAVES FOR THE MODIFIED KAWAHARA EQUATION 3
2. Basic Framework of Orbital Stability
We follow the arguments contained in [2] in order to present a basic framework of
the orbital stability of periodic waves. Consider u and v in the energy space X :=
H2per([0, L]), we define ρ the “distance” between u and v as ρ(u, v) = infy∈R ||u −
v(·+ y)||X . Roughly speaking the distance between u and v is measured trough the
distance between u and the orbit of v, generated by translations.
Our precise definition of orbital stability is given below.
Definition 2.1. We say that an L-periodic solution φ is orbitally stable in X, by
the periodic flow of (1.1), if for any ε > 0 there exists δ > 0 such that for any
u0 ∈ X satisfying ‖u0 − φ‖X < δ, the solution u(t) of (1.1) with initial data u0
exists globally and satisfies ρ(u(t), φ) < ε, for all t ≥ 0.
Remark 2.2. The Cauchy problem associated to the evolution equation (1.1) is lo-
cally well-posed in the energy space H2per([0, L]) according with the recent development
in [10]. The global well-posedness in the same space can be obtained by combining
the local theory with the Gagliardo-Nirenberg inequality.
In what follows, we define the smooth functional Q : X → R given by
Q(u) = νF (u) + µM(u), (2.1)
where µ and ν are real parameters which will be chosen later.
For a given ε > 0, we define the ε-neighborhood of the orbit Oφ = {φ(·+y), y ∈ R}
as Uε := {u ∈ X; ρ(u, φ) < ε}. We also set Υ0 = {u ∈ X; 〈Q′(φ), u〉 = 0}, where
〈·, ·〉 denotes the scalar product in L2per([0, L]). Note that Υ0 is exactly the tangent
space to {u ∈ X;Q(u) = Q(φ)} at φ.
In order to prove the desired stability we follow the strategy put forward in [7],
[12], and [14]. Let us start by showing that L is strictly positive when restricted to
the space Υ0 ∩ {φ′}⊥. To do so, we need to assume the following hypothesis:
(H) There exists a L-periodic solution φ ∈ C∞per([0, L]) of (1.4) with fixed period
L > 0. Moreover, the self-adjoint operator L has only one negative eigenvalue
which is simple and zero is a eigenvalue whose eigenfunction is φ′.
Lemma 2.3. Suppose that assumption (H) occurs. Let Φ be a smooth function such
that 〈LΦ, ϕ〉 = 0, for all ϕ ∈ Υ0 and I := 〈LΦ,Φ〉 < 0. Thus, there exists c > 0
such that 〈Lv, v〉 ≥ c||v||2X , for all v ∈ Υ0 ∩ {φ′}⊥.
Proof. See Proposition 4.12 in [7]. 
Lemma 2.3 is useful to establish the following result.
Lemma 2.4. Under assumption of the Lemma 2.3, there exist N > 0 and τ > 0
such that 〈Lv, v〉+ 2N〈Q′(φ), v〉2 ≥ τ ||v||2X , for all v ∈ {φ′}⊥.
Proof. Given v ∈ {φ′}⊥, let us define z = v − ζw, where w = Q′(φ)||Q′(φ)||
L2per
and
ζ = 〈v, w〉. Since 〈Q′(φ), φ′〉 = 0, it is easy to see that z ∈ Υ0 ∩ {φ′}⊥. Thus,
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Lemma 2.3 implies
〈Lv, v〉 ≥ ζ2〈Lw,w〉+ 2ζ〈Lw, z〉+ c||z||2X . (2.2)
Using Cauchy-Schwartz and Young’s inequalities, we have
|2ζ〈Lw, z〉| ≤ c
2
||z||2X +
2ζ2
c
||Lw||2X ,
that is,
2ζ〈Lw, z〉 ≥ − c
2
||z||2X −
2ζ2
c
||Lw||2X . (2.3)
Choosing N > 0 depending only on φ such that
〈Lw,w〉 − 2
c
||Lw||2X + 2N ||Q′(φ)||2L2per ≥
c
2
‖w‖2X , (2.4)
we obtain, using (2.2)-(2.4) the following inequality
〈Lv, v〉+ 2N〈Q′(φ), v〉2 = 〈Lv, v〉+ 2Nζ2||Q′(φ)||2L2per
≥ c
2
(ζ2‖w‖2X + ||z||2X)
≥ τ ||v||2X ,
where τ > 0 is a constant that does not depend on v. The proof is thus completed.

Let N > 0 be the constant obtained in the previous lemma. We define the
modified Lyapunov functional V : X → R as
V (u) = G(u)−G(φ) +N(Q(u)−Q(φ))2,
where G is the functional defined in (1.5). It is easy to see from (1.4) that V (φ) = 0
and V ′(φ) = 0.
Lemma 2.5. Under assumptions of the Lemma 2.3, there exist α > 0 and D > 0
such that V (u) ≥ Dρ(u, φ)2, for all u ∈ Uα.
Proof. First, note that from the definition of V it follows that
〈V ′′(u)v, v〉 = 〈G′′(u)v, v〉+ 2N(Q(u)−Q(φ))〈Q′′(u)v, v〉+ 2N〈Q′(u), v〉2,
for all u, v ∈ X. In particular, 〈V ′′(φ)v, v〉 = 〈Lv, v〉+ 2N〈Q′(φ), v〉2. Consequently,
from Lemma 2.4 we get
〈V ′′(φ)v, v〉 ≥ τ ||v||2X , (2.5)
for all v ∈ {φ′}⊥.
On the other hand, a Taylor expansion of V around φ reveals that
V (u) = V (φ) + 〈V ′(φ), u− φ〉+ 1
2
〈V ′′(φ)(u− φ), u− φ〉+ h(u), (2.6)
where lim
u→φ
h(u)
||u−φ||2X
= 0. Thus, we can choose α1 > 0 such that
|h(u)| ≤ τ
4
||u− φ||2X , for all u ∈ Bα1(φ), (2.7)
where Bα1(φ) = {u ∈ X; ||u− φ||X < α1}.
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Since V (φ) = 0 and V ′(φ) = 0, we have from (2.5)− (2.7) that V (u) ≥ τ
4
ρ(u, φ)2,
for all u ∈ Bα1(φ) such that (u− φ) ∈ {φ′}⊥ .
Now, let us define the smooth map S : X×R→ R given by S(u, r) = 〈u(·−r), φ′〉.
Since S(φ, 0) = 0 and ∂S
∂r
(φ, 0) = −〈φ′, φ′〉 6= 0, we guarantee, from the implicit
function theorem, the existence of α2 > 0, δ0 > 0 and a unique C
1−map r :
Bα2(φ) → (−δ0, δ0) such that r(φ) = 0 and S(u, r(u)) = 0, for all u ∈ Bα2(φ).
Consequently, (u(· − r(u)) − φ) ∈ {φ′}⊥, for all u ∈ Bα2(φ). The remainder of the
proof follows from similar arguments as in [2] (see also [7]).

The above lemma is the key point to prove our main result. Roughly speaking,
it says that V is a suitable Lyapunov function to handle with our problem. Finally,
we present the stability result.
Theorem 2.6. Suppose that the assumptions contained in Lemma 2.3 occur, then
φ is orbitally stable in X by the periodic flow of (1.1).
Proof. Let α > 0 be the constant such that Lemma 2.5 holds. Since V is continuous
at φ, for a given ε > 0, there exists δ ∈ (0, α) such that if ||u0 − φ||X < δ one has
V (u0) = V (u0)− V (φ) < Dε2, where D > 0 is the constant in Lemma 2.5.
The continuity in time of the function ρ(u(t), φ) allows to choose T > 0 such that
ρ(u(t), φ) < α, for all t ∈ [0, T ). (2.8)
Thus, one obtains u(t) ∈ Uα, for all t ∈ [0, T ). Combining Lemma 2.5 and the fact
that V (u(t)) = V (u0) for all t ≥ 0, we have
ρ(u(t), φ) < ε, for all t ∈ [0, T ). (2.9)
Next, we prove that ρ(u(t), φ) < α, for all t ∈ [0,+∞), from which one concludes
the orbital stability. Indeed, let T1 > 0 be the supremum of the values of T > 0 for
which (2.8) holds. To obtain a contradiction, suppose that T1 < +∞. By choosing
ε < α
2
we obtain, from (2.9) that ρ(u(t), φ) < α
2
, for all t ∈ [0, T1). Since t ∈
(0,+∞) 7→ ρ(u(t), φ) is continuous, there is T0 > 0 such that ρ(u(t), φ) < 34α < α,
for t ∈ [0, T1 + T0), contradicting the maximality of T1. Therefore, T1 = +∞ and
the theorem is established. 
3. Stability of Periodic Waves for the Equation (1.1)
In this section, we apply the arguments developed in Section 2 in order to obtain
the orbital stability of periodic waves for the model (1.1) for the case γ = 0. For the
sake of completeness of the reader, we rewrite the model (1.1) in a short equation
as
ut + u
2ux − uxxxxx = 0. (3.1)
By looking for periodic traveling wave solutions having the form u(x, t) = φ(x−
ω0t), we get from (3.1) (after integration) that φ solves the nonlinear ordinary dif-
ferential equation
φ′′′′ + ωφ− 1
3
φ3 + A = 0. (3.2)
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As we have already mentioned in the introduction, equation (3.2) admits an ex-
plicit L-periodic solution given by the ansatz (see [13])
φ(x) = a+ b
[
dn2
(
2K(k)
L
x, k
)
− E(k)
K(k)
]
, (3.3)
where
a =
8
√
10K(k) [K(k)k2 − 2K(k) + 3E(k)]
L2
and b =
24
√
10K(k)2
L2
. (3.4)
Moreover, it is to be pointed out that k is a free parameter and establishes a smooth
curve of periodic solutions for (3.2) k 7→ φ := φ(ω(k),A(k)) such that
ω =
384(k4 − k2 + 1)K(k)4
L4
and A =
−2048√10
3
(k2 − 2)K(k)6(2k2 − 1)(k2 + 1)
L6
.
Remark 3.1. The reason to consider γ = 0 in equation (1.1) is because the case
γ 6= 0 produces a similar periodic traveling wave solution as determined in (3.3) with
a close profile depending on the Jacobi elliptic function of dnoidal-type. This new
periodic wave has more complicated constants a, b, ω and A as above depending on
the modulus k ∈ (0, 1) and the period L > 0. Indeed, by simplicity let us consider
γ = 1. In this case, we have
φ(x) = a+ b
[
dn2
(
2K(k)
L
x, k
)
− E(k)
K(k)
]
(3.5)
where
a =
√
10
10
80 (k2 − 2)K(k)2 + 240E(k)K(k)
L2
+
√
10
10
, b =
24
√
10K(k)2
L2
,
and
ω =
3840(k4 − k2 + 1)K(k)4
10L4
+
1
10L4
.
The question about the stability of these periodic waves can be treated in a similar
way with the necessary modifications.
Next, we will obtain the spectral properties related to the operator L = ∂4x+ω−φ2
as required in (H). To do so, we will utilize the following result of [5]:
Proposition 3.2. Suppose that φ is a positive even solution of (3.2) such that φ̂ > 0
and ∂
2
∂x2
(log g(x)) < 0, x 6= 0, where g is a real function such that g(n) = φ̂(n), n ≥ 0.
Then the operator L has only one negative eigenvalue which is simple and zero is a
simple eigenvalue whose eigenfunction is φ′.
Proof. The proof of this result can be found in [5, Theorem 4.1]. See also [1] for the
continuous case. 
We are able to prove our stability result.
Theorem 3.3. The periodic waves in (3.3) are orbitally stable in the sense of Def-
inition 2.1.
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Proof. In fact, according with [11], solution φ in (3.3) has the Fourier expansion
φ(x) = a +
∑∞
n=1 nΓcsch
(
npiK(k′)
K(k)
)
cos
(
2pin
L
x
)
, where Γ = bpi
2
K(k)2
and k′ =
√
1− k2.
Therefore, the Fourier coefficients of φ are given by
φ̂(n) =
{
a, n = 0
Γ
2
ncsch
(
npiK(k′)
K(k)
)
, n 6= 0.
By considering gk(x) :=
Γ
2
xcsch
(
xpiK(k′)
K(k)
)
= 12
√
10pi2
L2
xcsch
(
xpiK(k′)
K(k)
)
, x ∈ R, it is
possible to see that ∂
2
∂x2
(log gk(x)) < 0, for all x ∈ R and k ∈ (0, 1) (see Figure 3.1).
Figure 3.1. Graph of ∂
2
∂x2
(log g(x)) with k =
√
2
2
.
So, using Proposition 3.2, we obtain that L has only one negative eigenvalue which
is simple and zero is a simple eigenvalue whose eigenfunction is φ′. Therefore, we
have that (H) holds.
The next step is to find Φ as in Lemma 2.3. In fact, we consider Φ = ∂
∂k
φ. Note
that, using (3.2), we have
LΦ = −∂ω
∂k
φ− ∂A
∂k
. (3.6)
Equality (3.6) inspires us from (2.1) in choosing ν = ∂ω
∂k
and µ = ∂A
∂k
to get Q(u) =
∂ω
∂k
F (u) + ∂A
∂k
M(u) and LΦ = −Q′(φ). Thus, we have 〈LΦ, ϕ〉 = −〈Q′(φ), ϕ〉 = 0,
for all ϕ ∈ Υ0 and
I = 〈LΦ,Φ〉 = −∂ω
∂k
∂
∂k
F (φ)− ∂A
∂k
∂
∂k
M(φ).
Using the explicit form (3.3), it is possible to deduce that M(φ) = aL and F (φ) =
480K(k)3
L4
[
k2L+ 2L(k
4−k2+1)
3
K(k)
]
. Therefore, we are able to obtain
I = 〈LΦ,Φ〉 = − 1
L7
f(k), (3.7)
8 PERIODIC WAVES FOR THE MODIFIED KAWAHARA EQUATION
Figure 3.2. Graphic of f(k) in (3.7).
where f is a complicated positive function depending smoothly on k ∈ (0, 1) (see
Figure 3.2). This proves the required in Lemma 2.3. From Theorem 2.6, we conclude
that φ is orbitally stable in H2per([0, L]) by the periodic flow of (3.1).

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